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ADVERTISEMENT 


HE Author of the following {mall Traét is not 

-afhamed to confefs, that it has been the employ- 
ment of his leifure hours for a confiderable time. If he 
has failed in the execution, he can, however, fafely afirm- 
he has. not been wanting in the moft earneft endeavours. 
towards the completion of his purpofe. He confidered. 
that the object of his fearch and enquiry, although arduous, . 
was at.the fame time glorious, and that the Difcovery of 
Truth is always a fufhcient recompence for the difficulty: 
attending its Inveftigation. As he cannot, by the mot 
impartial Ícrutiny, detect any falfe Reafoning in his De-. 
monftrations, he flatters himfelf they will not be found: 


altogether deftitute of fupport, nor wholly unworthy the: 
appr O 


[ iv 1 
approbation of the Public. However, fenfible of his | 
own weaknefs, he would not too confidently prefume 
on fuccefs, fince in this cafe to DESIRE is not fufficient 


TO OBTAIN. 


In fhort, animated by a fincere Love of Trurn, he 
flatters himfelf the integrity of his Intentions will in fome 


‚meafure atone for his want of greater genius and abilities. 


Indeed, as'an elegant Writer obferves, fince Medio- ` 
«rity is now become a Protection, he has probably ob- 
tained THAT PROTECTION in Ípite of himfelf. He only ۔‎ 
adds (with the fame Author) and would with the Reader 
to remember, that while Error finks into the abyfs of 
Jorgetfulne(s, TRUTH alone fwims over the vaft extent 


¿Of ages. 
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ramos Y, Z, then it cannot be faid Z is greater than Y, by 


the excefs of X above Y; but if it 13 at all greater, it muft be 


by fome Quantity leís than the exceís of X above Y. 


For if it is denied, Z fhall be equal to X, which و1‎ ۰ 


Proposition IL. fig. 1. 


If from the fame Centre s, any two Arches ¿R, a, are defcribed 
asin the Figure, and with the Radius sa, of the great ay, 


B . the 


(2) 
the Arch #2 is drawn touching the Arch Rf, in the Point ور‎ 
then the Arch R #, fhall not be greater than the Arch f x, 


From the Point x, draw the Line z, parallel to the Line sa; 
then, as is well known, the Arch „a fhall be equal to the Arch 
x f. Suppofe the Arch yp to be divided by a continual Bifection 
into an infinite number of equal Parts, at the poihts o, o, o, &c.. 
and let ox reprefent one of fuch parts: From o draw the right. 
line oo, parallel to as, and with a radius equal to as deféribe- 
the arch ao, and from the centres, the arch as. Now let: (M). 
reprefent the infinitely {mall quantity ER then if the arch as ex- 
ceed the Arch A o, by the quantity M, it (hall be equal (from the- 
Lemma) to the Arch ay,. which is abfurd. The fame confe- 
quences will evidently follow, if a Quantity lefs than yo is aflign— 


ed, and fo the Arch as is not greater than. the Arch ۰ 


Again, Suppofe the Arch 10, to ereed the Arch ma by the. 
like Quantity (M), then if the Arch mx exceed m ور‎ by (M), it 
{hall be equal to the Arch ao. But the Arch a وک‎ is not greater 
than a o from the Demonftration, and fo 7 this cafe 15 not greater 
than the Arch m ور‎ which is evidently abfurd. In like manner- 
proceeding infinitely, we (hall at: laft prove, that the Arch ¢ R is. 


not greater than the Arch 7 2» Q, E. D: 


Fig. ۰ 


( 3 } 

Fig. 1. Ie muĝ be carefully obferved that this method of Rea» 
foning will not take place, if the Angle ass. is aflumed: greater 
than a right Angle, (fuppofe the Angle a s G): For fince it is 
always required to the Demonftration that an infinitely {mall Part 
of the Arch a G muft be taken, and a Line drawn parallel to s a, | 
If from the Point F, which terminates the Quadrant a F, an in- 
finitely fmall Arch Fo is taken, and a Line drawn parallel to a s, 
the Line fo drawn fhall دبا‎ Tangent to the Arch FG, and fo fall 


without the Curve. 


In like manner, any Line drawn from 4 
Point below F, parallel to ø s, fhall fall without the Curve towards 
G; and therefore in this cafe the preceding Demonttration can- 


not take place. 


COROLLARY L 
Big. 1. No. 1]. It may not, perhaps, be unneceflary to obferve, 
that after the lame manner as in this Propafition, it is eafy to- prove 
| that in the Quadraat g K, if any sight line go is drawn parallel 
to x a, then any other right Line e» fhall not be greater than ¢ ۰ 


Cor. ۰ 
Fig. 1. No, III. If Concentric and Tangent Arches are de- 
fcribed as in the Figure terminated by the Quadrantal Arch "s, 
| | € then 


(4) 
then from this Propofition, (if we fuppofe the concentric Arches 
from s towards rı continually increafe) any Concentric Arch y y 


fhall not be greater than it’s Tangent Arch ss. 


Cor. ۰ 
Hence, (the fame Things remaining as in Cor. II.) if my is den 
{cribed exceeding as by (M), and if mı=mg, then all the con- 
gentric Arches above ao fhall equal their correfpondent Tangent 
Arches, defcribed with the Radius ss as per Scheme. | 


For Suppole X, to exceed mp by (M), then if mı= mo, the 
Arch yy Shall be greater than mag, and not greater than xs (Pr. 1.) 
Therefore y y cannot be lefs than x g and fo muft be equal to it. 
Qo E. De 


It were eafy to infer a Variety of other Conelufions from this. 
Propofition, but as they will naturally prefent themfelves to the 
Reader's obfervation, without much enquiry, they are omitted in 
this place. 


PROPO- 


( 3 }Ì 


Proposition II. Fig. 2. 


+ ۳۳ from the Center „, with the Radius sx, the Arch „a is dez 
i {cribed, and from the Centers 2,c, مہ‎ the refpective Tangent ' 
Arches, xp, 2% xP Sc. Then the. Arch ER thau be lefs than 
the Arch «2. | | 


For from Pror. I. y a is not greater than „x, and ias the fame 
Prop. مر«‎ is not greater than x 03 «4 is, therefore ‚lefs than. x x. 
But ۰ ۸ is likewife, not greater than sp3 it 15 therefore either equal 
to, orlefs thab: ء‎ u, in each of which cafes it fhall be lefs than x x. 
Therefore I conclude, univerfally, that aay concentric Arch x a is 
lefs than it’s Tangent Arch x وس‎ terminated by the fame right Ling: 


SK Y مج‎ Qe E.. D. 


7 Cor. L 
Hence: we have an eafy method of approximating continually 
nearer and nearer to an. Equality between two Arches, x /, and a av 
Draw the right Line م‎ „x, interfecting the Arch „2 in بے‎ . then 
becaufe „ u is lefsthan xs, and x a lefs than x u, » a fhall be کہ(‎ than - 
پر‎ 55 through the Point o, Draw ‘the sight Liner aw, then xo 
hal} 


(6) 
hall be leís than „a: But ,, has been proved to be lefs than پر‎ o, 
and „a lefs than x ws therefore x a fhall be leís than „r, and fo on 


infinitely. 


Cor. 1... 

Hence likewife, we may eafıly approximate to an Equality be- 
tween a right Line, and any circular Arch. For it is well known 
that any Arch , a 1s lefs than its Tangent ۾‎ ¢ ; the Arch zu there 
fore is lefs than „x. But from this Prop. xa is lefs than x ly and 
confequently leís than the right Line +. Through the Point ۵ 
draw the right Line 7 w, as per Scheme, then x ois lefs that x w, 
and fo za is leís than x w. In like manner za is lefs than „v; 
and fo we may proceed infinitely, the Arch „a approaching nearer 
and neater to an Equality with forme part of the Line x» e, in pro~ 
portion as the Diftances x وک‎ x و6‎ nd, ce. increafe, that is, in pro- 
portion as the Angle of Contact e x a is diminifhed. But it is to 
be obferved, that thefe Approximatións infinitely continued will 
never make one Tangent Arch equal to another, or to a Part of a 
‘Tangent right Lines For if a Tangent Line „ı.be drawn ta.the 
Arch za and from the Center a an Arch a. is deferibed, it is 
fufficiently evident, «that -a Line drawn from the Center و‎ of the 
Arch ہے‎ fhall touch the Arch as in a, and a Line drawn from the 


Center 


(7) 
Center of the Arch x y to the Point xu, fhall likewife be a Tangent 
Yo the Arch s. But the Arch „a is fill lefs than the Arch Br as 
may be inferred from Prop. I. and fo by this Method alone we 
can never come nearer to añ Equality between the Archx,, and 
any fuperior Tangent Arch, or Tangent right Line, than the 
Arch, or Tangent Line terminated by the Arch ^ s 


LEM MA. 


Fig. IN. 


T" the Arch ¢ g is fuppofed equal to the Tangent Arch gf, and 

to the Tangent right Line ga, then @ Circle may be defcribed 
through the Points a, $, رم‎ concave towards the Line x, at right 
سایق‎ to the Line gẹ; and if concentric Arches are defcribed from 
the Point u, (the Center of the Arch g,) as far as to the Point z, 
which terminates the Quadrant rz, they fhall continually exceed | 


each other. 


The firft Part of the Lemma is fufficiently evident from Calcu- 
lation, and may be eafily proved to extend itfelf to any two Tangent 
Arches and a Tangent right Line; and the fecond Part is likewife 


D | ۱ evident 


(8) 
evident from this, that the fame Arch of a Circle has every where 
the fame Curvature, and confequently, fuppofing the Tangent Arch 
8 وق‎ equal toga, to be drawn infinitely near ga, then a concentrie 
Arch defcribed from u, and paffing through وم‎ {hall be evidently 
greater than ga, and fo if beyond the Point وم‎ we fuppofe an Arch 
pt taken, equal to the infinitely fmall Arch $ a, the Inclination or 
Curvature of the Arch zp fhall be the fame with that of the Arch 
pa; and therefore I conclude the concentric Arch pafling through 


fhall be leís than the concentric Arch pafling through +, Sc.‏ وم 


o 
۰ 


Proposırıon 11]. 277. 2. NI 


Things remaining as inthe Lemma, all the Tangent Arches 
defcribed beyond the Arch g وم‎ and terminated by the Arch a e, fhalt 


be refpectively equal to each other, and to the Tangent Line gp. 


* From the Point z, which determines the Quadrant »x, Tup- 
pofe an Arch to be defcribed concentric to the Arch ga, and with 
the fame Radius let a Tangent Arch g s, from the Point g be de- | 

| {cribed, 

* It is neceflary to obferve, that if the Arch y ¢ is greater than a Quadrant, it 
fhall be greater by an Arch lefs than One Half of the Arch Ac, as is evident; and 


therefore it will univerfally follow that the Arch £ x fhall not be greater than a Tan- 
gent Arch drawn infinitely near 8 p, which is all that is requifite to the Demonftration. 


09) 
feribed, then (from Prop. I. and preceding Lemma) ga is not 
greater than g «, and after the fame Manner it-may be fhewn ga is 
not greater than any Tangent Arch falling within ga, gs It is 
therefore either equal to or lefs than the Arch g o. Let then g, be 
lefs than g 0, and make ۸۷ < وم‎ then through the three Points 
a, 2, o, (from preceding LEMMA :) Let a Circle a, 28, ¢, be defcribed, 
this fhall fall within the Arch a وم‎ and confequently (hall make g وک‎ 
lefs than Bf. But if the Arch gy» =ga, then from the Principles 
already eftablifhed, g a fhall not be greater than gs, which is mani- 
feftly abfurd. Every Tangent Arch therefore, within the Arch 
B, is equal to the Arch ga, and after the fame Manner we prove 
every Tangent Arch beyond the Arch g ¢, is equal to the Arch g,, 
or the Tangent Line ۵ ». For fuppofe an Arch av, defcribed in- 
finitely near the Arch ge, then ء ۾‎ fhall not be greater than ۵ v, and 
if it is fuppofed lefs, the fame Abfurdity will enfue, as we have 
noted in the former Part of this Propofition; and fo we may pro- - 
ceed infinitely. All the Tangent Arches therefore beyond the 
Arch ga, terminated by the Arch , ¢, are equal to each other, and 


to the right Line, gg. QE. ۰ 


COROLLARY. 
Hence if any three Tangent Arches (each not exceeding a Qua- 
drant) ‘are aflumed equal to each other, a Circle defcribed through 
| them 


۲ xo ( 
them, fhall cut off a Part of the common tangent right Line equal 
to each, and to any Tangent Arch that can be poffibly drawa ; 
for if this is denied, one Circle fhall cut another in three Points, 
which is ۰ 


Fig. HI. No. 2 


Another Method of demonftrating the preceding Propofition.— 
Let a Part a d of the Arch „a be aflumed infinitely ímall, and 
let a Line be drawn from a top, the Center of the Arch x ۰ 
Then becaufe every Point of the Line و‎ m beyond m falls without 
the Arch sm, the right Line ¢ a fhall interfet the Arch m in 
one Point only, viz. in the Pointo. Through the Point o defcribe 
an Arch touching the Line „« in x, then the Arch x o fhall not 
be greater than the Arch d (the Arch „o being lefs than the 
Arch „a, as is eafily inferred from Prop. I.) for if it 1s greater by 
an infinitely {mall Quantity, it fhall be equal to the Arch x a, 
which is manifeftly abfurd. In like manner we may proceed with 
_the reft, .and demonftrate that every inferior tangent Arch is not 
greater than it’s fuperior terminated by the fame Arch me, till at 
length the Arch „m is proved not greater than fome Tangent 
Arch drawn infinitely near it; fuppofe the Arch x ¢3 for the Arch 
x n is lefs than x 2, and if it were poflible that by proceding in 

this 


) 11 ) 

this manner, the infinitely fmall Part of fome Arch falling with- 
out the Arch, m, fhould never be in the right Line 9 115 xy alr infi-: 
nitely {mall Part ( fuppofe mn) muft at length remain,. or by 
continuing the Procefs, a Part ftill lefs than that, and fo on, ad 
infinitum.. x m, therefore, is not greater than yf, and پر‎ £ is not: 
greater by the above Method than x d; therefore X # and x m. are 
equal, and fo of the reft. 


The Two preceding Methods of Demonftration might have been - 
omitted on Account of the fuperior Accuracy and Elegance of the 
following ; however as they ferve to illuftrate the Method of Rea- 
foning adopted in this Work, they are on that account retained: 


Fig. 111. No, ı. : 


If the Arch go is fuppofed equal to the Arch g., equal to the 
sight Line ¿e, then any other Arch £ s, falling within $ o, رم‎ fhall 
be equal to the right Line 6 ۰ 


Let a Line be drawn from the Point o, meeting the Arch a s 
produced m a, and fuppofe the Arch sa to be divided by a con- 
tinual Bife&tion into an infinite Number of equal Parts, and let a 5 
be one of thofe Parts; from the Point 4, let the Line 5 مر‎ be drawn, 

E this 


(n } 

this fhall interfect the Arch ود‎ in fome Point ¿: Through the Point 
۶ let the tangent Arch Bi be defcribed, then the Arch g ء‎ fhall not 
be greater than the Arch g م/‎ for if it is greater by a Quantity equal 
to the Arch ۶ وم‎ it fhall be equal to the Arch ۶ y, that is (becaufe 
à b is infinitely fmall, and iy is leís than a b, as is eafy to infer 
from Pror. I,) if itis greater by a Quantity lefs than one infinitely 
fmall, an Abfurdity fhall enfue; in like manner tbe Arch. م‎ is. 
` proved not greater than ۵ #, by fuppofing b d, in the Arch s a, equal 
toa 4, and fo we may proceed infinitely, tilt at length the Arch 
غ‎ o is demonftrated not. greater than the Arch ۵ s. In like Manner 
the Arch ۸۰۶ is not greater than g۾‎ «, and fo muft be equal to it 
and to the right Line gg. Q.E.D. 


IV. Fig. 4.‏ ۶9آ 


O Cut any given Angle se R, not exceeding a right Angle, 
in any given Ratio. 


Let: it besrequiredite be divided: in the Ratio-of- the Line م‎ $ to: 
the Line es, Defcribe: fram: the Center e, the Archos Qo, s Ro 


and 


(13) 
and bife& the Line 2 ہم‎ in the Point a, and from the fame Center 
وه‎ defcribe the Arch, x a. At the Point a, with a Radius equal to 
دهم‎ defcribe the Tangent Arch asin the Figure, and at the fame 
Point with a Radius double to ? Y, another Tangent Arch, then ¥ 
of the Tangent Arch a x thall be equal to 3 of the Second, and $ of 
the Third, as is evident. . Through the Points of Equality, defcribe. 
a: Circle ; this ¿hall make 4 of the Asch Qo equal to {omie Part of 
the Tangent Arch defcribed with the Radius ¢ s, and fo a Part of 
the Arch s R may be taken equal to the Arch 2 وه‎ which was 
required to be done. 
COROLLARY. 
Hence, by a double Operation, any obtufe Angle may be cut in a 


given Ratio; and hence, by the Way, it is eafy to find a right Line 


equal to a given circular Arch. 


SCHOLTU M. 
HE Quadratix and Spiral, it is well known, have been fever- 
ally applied, by very able Mathematicians, to a Solution of 


the above Propofition ; however, not with fufficient Succefs to ftop 
all future Attempts; the Conftrußion of each depending on the 
continual 


(1) 

cofitinual Bife€tion Bf an Arch, which although very fimple in 
Theory, yet when continued beyond a certain Degree of Minute- 
nefs is obnoxious to the greateft Errors in Practice; not to men- 
tion that after all, the Rectification of the Circle cannot be geome- 
trically obtained by thefe Inventions, and that in the Opinion of 
the beft Judges they are mechanical Curves. Perhaps when the 
Errors arifing from fuch a Conftruction are fairly eftimated, the 
preceding Method will appear no contemptible Subftitute for this 
Purpofe ; fince if the Principles on which it is founded are once 
admitted, the Solution will be natural and eafy, and at the famg 
time confiftest with the greateft Rigor of Mathematical Demon» 
ftration. | 


It likewife feems probable, that the Reétification of other Curve 
may beobtained by a fimilar Method of Reafoning, as the Lemma 
at the beginning of this Tract extends itfelf to all kind of Quan- 
tities whatever :—But a Critical Examination of this Point would 
not only exceed the Limits, but likewife be foreign from the 
eriginal Defign of this ۰ 


THE END. 
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